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Abstract. For a space X belonging to a class including all double suspensions
of finite type, we construct for any field k a cochain complex hos∗(X) such that
H∗
(
hos∗(X)
)
∼= H∗(LXhS1 ; k), the cohomology of the homotopy orbit space of the
natural S1-action on the free loop space LX. The model hos∗(X) is “small” and thus
lends itself relatively easily to explicit computation. Furthermore hos∗(X) fits into
an extension of cochain complexes that models the fibration LX −→ LXhS1 −→ BS
1.
This concrete link with topology proves essential for the construction of the cochain
complex for computing spectrum cohomology of topological cyclic homology in [HR].
Introduction
For a space X belonging to a class including all double suspensions of finite
type, we construct here for any field k a cochain complex hos∗(X) such that
H∗
(
hos∗(X)
)
∼= H∗(LXhS1 ;k), the cohomology of the homotopy orbit space of
the natural S1-action on the free loop space LX, also known as the equivariant or
Borel cohomology of the free loop space. The model hos∗(X) is “small” and thus
lends itself relatively easily to explicit computation, as we illustrate in section 2.4.
Furthermore, hos∗(X) fits into a commuting diagram
(A) k[υ] //
=

hos∗(X)
≃

// fls∗(X)
≃

k[υ] // • // CU∗(LX,k)
CU∗(BS1;k) //
≃
OO
CU∗(LXhS1 ;k)
CU∗i //
≃
OO
CU∗(LX,k),
=
OO
where fls∗(X) is a simplified version of the free loop space model of [DH] and
[H], k[υ] is a polynomial algebra on a generator of degree 2, CU∗ denotes cubi-
cal cochains and LX −→ LXhS1 −→ BS
1 is the usual fibration sequence. The
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existence of this concrete link with topology proves essential for the construction
of the cochain complex for computing spectrum cohomology of topological cyclic
homology in [HR].
We begin in the first section of this paper with a general discussion of the con-
struction of complexes for calculation of equivariant (co)homology. After recall-
ing the operadic description of “strongly homotopy” structures from [HPS1] and
[HPST], we introduce a more highly structured notion of resolution, which we call
DCSH resolution, leading to an enriched version of Moore’s famous theorem (The-
orem 1.1.2). In particular, we show that if G is a connected topological group, E is
the total space of a principal G-bundle and Y is a G-space, then we can calculate
the algebra structure of H∗(E ×
G
Y ), given DCSH resolutions of CU∗G and of the
cubical chains on CU∗E as a CU∗G-module.
After proving the existence of a very special family of primitive elements in the
reduced cubical chains on S1 and studying its properties, we introduce a particularly
useful DCSH resolution of the cubical chains on ES1 as a module over the cubical
chains on S1 (1.3.1). Applying the general construction of our enriched Moore’s
Theorem and dualizing, we obtain a cochain complex for computing the graded
algebra H∗ YhS1 for any S
1-space Y (1.4.3). The Batalin-Vilkovisky structure on
H∗ Y shows up in this complex, as one summand of the differential.
In section 2, we specialize to the case of LX, obtaining a small cochain model for
LXhS1 as an extension of a model of the free loop space. The first part of section 2
is devoted to refining and simplifying the free loop model of [DH] and [H], leading
to the small, “linearized” model fls∗(X) of Theorem 2.2.1. Blending the methods
of section 1 and the model fls∗(X), we then obtain the desired model hos∗(X)
(Theorem 2.3.3).
In proving the existence of the commuting diagram (A), we apply an apparently
new result from homological perturbation theory (Lemma 2.3.4) that we think may
be useful in other contexts as well. Indeed it has already played a crucial role in
[HR], where it is applied to constructing a model of the pth-power map on the free
loop space.
Throughout this paper, we elaborate upon and improve results from [H]. In
particular, the operadic perspective on computing algebra structure of equivariant
cohomology is new.
The author is deeply grateful to Nicolas Dupont for the ideas he contributed
during our discussions of LXhS1 during the 1990’s.
0. Preliminaries
In this section we first recall definitions and constructions and fix our notation
and terminology. We then outline the operadic approach to the study of strongly
homotopy structures, as developed in [HPS] and [HPST].
0.1 Elementary definitions, terminology and notation.
Given a category C and objects A and B, the class of morphisms from A to B
is denoted C(A,B).
In any model category we use the notation // // for cofibrations, // // for
fibrations and
∼ // for weak equivalences.
Chain and cochain complexes. We write CU∗(X) to denote the reduced cubical
chains on a topological space X.
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Throughout this paper we work over a principal ideal domain R. Dualization is
indicated by a ♯ as superscript. The degree of an element x in a graded module is
denoted |x|, unless it is used as an exponent, in which case the bars are dropped,
if there is no confusion possible.
The Koszul sign convention for commuting elements of a graded module or for
commuting a morphism of graded modules past an element of the source module
is used consistently throughout this article. For example, if V and W are graded
algebras and v ⊗w, v′ ⊗ w′ ∈ V ⊗W , then
(v ⊗ w) · (v′ ⊗ w′) = (−1)|w|·|v
′|vv′ ⊗ ww′.
Futhermore, if f : V −→ V ′ and g : W −→ W ′ are morphisms of graded modules,
then for all v ⊗ w ∈ V ⊗W ,
(f ⊗ g)(v ⊗ w) = (−1)|g|·|v|f(v)⊗ g(w).
The source of the Koszul sign convention is the definition of the twisting isomor-
phism
τ : V ⊗W −→W ⊗ V : v ⊗ w 7→ (−1)|v|·|w|w ⊗ v.
Given chain complexes (V, d) and (W,d), the notation f : (V, d)
≃
−→ (W,d) indi-
cates that f induces an isomorphism in homology. In this case we refer to f as a
quasi-isomorphism.
If V =
⊕
i∈Z Vi is a graded module, then s
−1V and sV denote the graded mod-
ules with, respectively, (s−1V )i ∼= Vi+1 and (sV )i ∼= Vi−1. Given a homogeneous
element v in V , we write s−1v and sv for the corresponding elements of s−1V
and sV . If the gradings are written as upper indices, i.e., V =
⊕
i∈Z V
i, then
(s−1V )i ∼= V i−1 and (sV )i ∼= V i+1.
A graded R-module V =
⊕
i∈Z Vi is connected if V<0 = 0 and V0
∼= R. It is
simply connected if, in addition, V1 = 0. We write V+ for V>0. It is of finite type
if Vi is finitely generated as an R-module for all i.
Chain and cochain algebras and coalgebras over R. Let V be a positively graded,
free R-module. The free associative algebra on V is denoted TV , i.e.,
TV ∼= R⊕ V ⊕ (V ⊗ V )⊕ (V ⊗ V ⊗ V )⊕ · · · .
A typical basis element of TV is denoted v1 · · · vn, i.e., we drop the tensors from
the notation. The product on TV is then defined by
µ(u1 · · · um ⊗ v1 · · · vn) = u1 · · · umv1 · · · vn.
The cofree, coassociative coalgebra on V , denoted ⊥V in this article, is isomor-
phic as a graded R-module to TV . We write ⊥nV =
⊗n
V , of which a typical
basis element is denoted v1| · · · |vn. The coproduct on ⊥V is then defined in the
obvious manner by
∆(v1| · · · |vn) = v1| · · · |vn ⊗ 1 + 1⊗ v1| · · · |vn
+
n−1∑
i=1
v1| · · · |vi ⊗ vi+1| · · · |vn.
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Let (C, d) be a simply connected (co)chain coalgebra with reduced coproduct
∆. The cobar construction on (C, d), denoted Ω(C, d), is the (co)chain algebra
(Ts−1(C+), dΩ), where dΩ = −s
−1ds + (s−1 ⊗ s−1)∆s on generators. The cobar
construction defines a functor from the category of simply connected (co)chain
coalgebras to the category of connected (co)chain algebras.
As Milgram showed in [Mi], for every pair of simply connected chain coalgebras
(C, d) and (C ′, d′), there is a quasi-isomorphism of chain algebras
q : Ω
(
(C, d) ⊗ (C ′, d′)
)
−→ Ω(C, d) ⊗Ω(C ′, d′)
specified by q
(
s−1(x⊗1)
)
= s−1x⊗1, q
(
s−1(1⊗y)
)
= 1⊗s−1y and q
(
s−1(x⊗y)
)
= 0
for all x ∈ C+ and y ∈ C
′
+.
Let (A, d) be a connected chain algebra or a simply connected cochain algebra
over R, and let A¯ be the component of A of positive degree. The bar construction on
(A, d), denoted B(A, d), is a differential graded coalgebra (⊥(sA¯),DB). Let (DB)1
denote the linear part of the differential, i.e., (DB)1 = πDB, where π : ⊥V −→ V is
the natural projection. The linear part of DB specifies the entire differential and is
given by
(DB)1(sa1| · · · |san) =

−s(da1) if n = 1
(−1)a1+1s(a1 · a2) if n = 2
0 if n > 2.
The bar and cobar constructions form an adjoint pair of functors, where the
bar construction is the right adjoint. We denote the counit of the adjunction by
ε : ΩB −→ Id.
Definition. Let A be a chain algebra. A chain complex M is a (right) A-module
coalgebra ifM admits a chain coalgebra structure and a (right) A-module structure
such that the A-action map M ⊗A //A is a coalgebra map.
Definition. Let A be a chain algebra. A right A-module M is semifree if it is the
union of an increasing family M(−1) = 0 ⊆ M(0) ⊆ M(1) ⊆ ... such that each
quotient M(n)/M(n − 1) is A-free on a basis of cycles.
In particular, if M is semifree, then there is a graded module V such that M ∼=
V ⊗A as graded modules. There is an analogous notion of semifree left A-modules.
We refer the reader to [FHT]for further details.
Throughout section 2 of this article we make extensive use of the following notion.
Definition. Let (A, d) be a cochain R-algebra, and let (B, d) be a cochain complex.
A twisted algebra extension of (A, d) by (B, d) is a cochain R-algebra (A ⊙ B,D)
such that
(1) the graded R-module underlying A⊙B is A⊗B;
(2) (A, d) is a cochain subalgebra of (A ⊙ B,D) with respect to the natural
inclusion A →֒ A⊙B, i.e., D(a⊗ 1) = da⊗ 1 and (a⊗ 1) · (a′⊗ 1) = aa′⊗ 1
for all a, a′ ∈ A;
(3) (B, d) is a quotient cochain algebra of (A⊙B,D) with respect to the natural
projection from A⊙B, i.e., D(1⊗ b)− 1⊗ db ∈ A+ ⊗B and (1⊗ b) · (1⊗
b′)− 1⊗ bb′ ∈ A+ ⊗B;
(4) the right action of A on A⊙B satisfies (1⊗ b) · (a⊗ 1) = (−1)|a|·|b|a⊗ b for
all a ∈ A, b ∈ B;
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(5) the left action of A on A⊙B commutes with the right action and satisfies
(a⊗ 1) · (1⊗ b)− a⊗ b ∈ A>|a| ⊗B for all a ∈ A, b ∈ B;
(6) D commutes with the right action of A, i.e., D(a ⊗ b) = (−1)|a|·|b|
(
D(1 ⊗
b) · (a⊗ 1) + (−1)b(1⊗ b) ·D(a⊗ 1) for all a ∈ A, b ∈ B.
A linear map f : (A, d) −→ (B, d), where (A, d) and (B, d) are (co)chain algebras,
is a quasi-algebra map if f induces a map of algebras in (co)homology.
Simplicial sets. We say that a simplicial set is of finite type if it has a finite
number of nondegenerate simplices in each dimension.
Definition. Let K be a simplicial set, and let Fab denote the free abelian group
functor. For all n > 0, let DKn = ∪
n−1
i=0 si(Kn−1), the set of degenerate n-simplices
of K. The normalized chain complex on K, denoted C∗(K), is given by
Cn(K) = Fab(Kn)/Fab(DKn).
Given a map of simplicial sets f : K −→ L, the induced map of normalized chain
complexes is denoted C∗f .
Definition. Let K be a reduced simplicial set, and let F denote the free group
functor. The loop group GK on K is the simplicial group such that (GK)n =
F(Kn+1 r Ims0), with faces and degeneracies specified by
∂0x¯ = ( ∂0x )
−1∂1x
∂ix¯ = ∂i+1x for all i > 0
six¯ = si+1x for all i ≥ 0
where x¯ denotes the class in (GK)n of x ∈ Kn+1.
We write |K| for the geometric realization of a simplicial set K and S•X for the
simplicial set of singular simplices of a topological space X. Recall that (| − |,S•)
is an adjoint pair of functors such that the unit and counit are weak equivalences.
We let S∗X := C∗ ◦ S•X.
0.2 The category DCSH.
The category DCSH of coassociative chain coalgebras and of coalgebra mor-
phisms up to strong homotopy was first defined by Gugenheim and Munkholm in
the early 1970’s [GM], when they were studying extended naturality of the functor
Cotor. The objects of DCSH have a relatively simple algebraic description, while
that of the morphisms is rich and complex. Its objects are augmented, coassocia-
tive chain coalgebras, and a morphism from C to C ′ is a map of chain algebras
ΩC −→ ΩC ′.
In a slight abuse of terminology, we say that a chain map between chain coalge-
bras f : C −→ C ′ is a DCSH map if there is a morphism in DCSH(C,C ′) of which
f is the linear part. In other words, there is a map of chain algebras g : ΩC −→ ΩC ′
such that
g|s−1C+ = s
−1fs+ higher-order terms.
In a further abuse of notation, we sometimes write Ω˜f : ΩC −→ ΩC ′ to indicate one
choice of chain algebra map of which f is the linear part.
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The category DCSH plays an important role in topology. As established in
[HPST], for any reduced simplicial set K, the usual coproduct on C(K) is a DCSH
map. Furthermore, given any natural, strictly coassociative coproduct on ΩC(K),
any natural map of chain algebras ΩC(K) −→ C(GK) is also a DCSH map.
In [HPS1] the authors provided a purely operadic description of DCSH. Be-
fore recalling this description, we briefly explain the framework in which it is con-
structed. We refer the reader to Section 2 of [HPS1] for further detailes.
Let M denote the category of chain complexes over a PID R, and let MΣdenote
the category of symmetric sequences of chain complexes. An object X of MΣ is a
family {X (n) ∈M | n ≥ 0} of objects in M such that X (n) admits a right action
of the symmetric group Σn, for all n. The object X (n) is called the n
th-level of the
symmetric sequence X . Given a morphism of symmetric sequences ϕ : X −→ Y, we
let ϕ(n) : X (n) −→ Y(n) denote its restriction to level n.
There is a faithful functor T :M //MΣ where, for all n, T (A)(n) = A⊗n,
where Σn acts by permuting the tensor factors. The functor T is strong monoidal,
with respect to the level monoidal structure (MΣ,⊗, C), where (X⊗Y)(n) = X (n)⊗
Y(n), endowed with the diagonal action of Σn, and C(n) = R, endowed with the
trivial Σn-action.
The category MΣ also admits a nonsymmetric, right-closed monoidal structure
(MΣ, ⋄,J ), where ⋄ is the composition product of symmetric sequences, and J (1) =
R and J (n) = 0 otherwise. Given symmetric sequences X and Y,
(X ⋄ Y)(n) =
∐
k≥1
~n∈Ik,n
X (k) ⊗
Σk
(
Y (n1)⊗ · · · ⊗ Y (nk)
)
⊗
Σ~ı
R[Σn],
where Ik,n = {~n = (n1, ..., nk) ∈ N
k |
∑
j nj = n, nj ≥ 0∀j} and Σ~n = Σn1 × · · · ×
Σnk , seen as a subgroup of Σn. For any objects X ,X
′,Y,Y ′ in MΣ, there is an
obvious, natural intertwining map
(0.2.1) ι : (X ⊗ X ′) ⋄ (Y ⊗ Y ′) // (X ⋄ Y)⊗ (X ′ ⋄ Y ′) .
An operad in M is a monoid with respect to the composition product. The
associative operad A is given by A(n) = R[Σn] for all n, endowed with the obvious
monoidal structure, induced by permutation of blocks.
Let P denote any operad in M. A P-coalgebra consists of an object C in M.
together with an appropriately equivariant and associative family
{C ⊗ P(n) //C⊗n | n ≥ 0}
of morphisms in M. The functor T restricts to a faithful functor
T : P-Coalg //ModP
from the category of P-coalgebras to the category of right P-modules.
Given a right P-module M and a left P-module N , we can define their compo-
sition product over P, denoted M ⋄
P
N , to be the coequalizer of the two obvious
maps M⋄P ⋄N −→M⋄N induced by the right and left actions of P.
In [HPS1] the authors constructed a semifreeA-bimoduleF , called the Alexander-
Whitney bimodule. As symmetric sequences of graded modules, F = A ⋄ S ⋄ A,
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where S(n) = R[Σn] · zn−1, the free R[Σn]-module on a generator of degree n − 1.
Moreover, F admits an increasing, differential filtration, given by FnF = A⋄Sn⋄A,
where Sn(m) = S(m) if m ≤ n and Sn(m) = 0 otherwise. More precisely, if ∂F is
the differential on F , then
∂Fzn =
∑
0≤i≤n−1
δ ⊗ (zi ⊗ zn−i−1) +
∑
0≤i≤n−1
zn−1 ⊗ (1
⊗i ⊗ δ ⊗ 1⊗n−i−1),
where δ ∈ A(2) = R[Σ2] is a generator.
The Alexander-Whitney bimodule is endowed with a coassociative, counital co-
product
ψF : F −→ F ⋄
A
F ,
where ⋄
A
denotes the composition product over A, defined as the obvious coequalizer.
In particular,
ψF (zn) =
∑
1≤k≤n+1
~ı∈Ik,n+1
zk−1 ⊗ (zi1−1 ⊗ · · · ⊗ zik−1)
for all n ≥ 0, where Ik,n = {~ı = (i1, ..., ik) |
∑
j ij = n}.
Furthermore, F is a level comonoid, i.e., there is a coassociative, counital co-
product
∆F : F //F ⊗ F ,
which is specified by
∆F(zn) =
∑
1≤k≤n+1
~ı∈Ik,n+1
(
zk−1 ⊗ (δ
(i1) ⊗ · · · ⊗ δ(ik))
)
⊗
(
δ(k) ⊗ (zi1−1 ⊗ · · · ⊗ zik−1)
)
.
Here, δ(i) ∈ A(i) denotes the appropriate iterated composition product of δ(2) = δ.
Let (A, ψF )-Coalg denote the category of which the objects are A-coalgebras
(i.e., coassociative and counital chain coalgebras) and where the morphisms are
defined by
(A, ψF )-Coalg(C,C
′) :=ModA
(
T (C) ⋄
A
F ,T (C ′)
)
.
Composition in (A, ψF )-Coalg is defined in terms of ψF . Given θ ∈ (A, ψF )-Coalg(C,C
′)
and θ′ ∈ (A, ψF )-Coalg(C
′, C ′′), their composite θ′θ ∈ (A, ψF )-Coalg(C,C
′′) is
given by composing the following sequence of (strict) morphisms of rightA-modules.
T (C) ⋄
A
F
1T (C) ⋄
A
ψF
//T (C) ⋄
A
F ⋄
A
F
θ⋄
A
1F
//T (C ′) ⋄
A
F θ
′
//T (C ′′) .
We call (A, ψF )-Coalg the ψF -governed category of A-coalgebras.
Theorem 0.2.1 [HPS1]. There is an isomorphism of categories
(A, ψ)−Coalg(C,C ′) ∼= DCSH.
Define a bifunctor ∧ : (A, ψF )-Coalg × (A, ψF )-Coalg −→ (A, ψF )-Coalg on
objects by C ∧ C ′ := C ⊗ C ′, the usual tensor product of chain coalgebras. Given
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θ ∈ (A, ψF )-Coalg(C,D) and θ
′ ∈ (A, ψF )-Coalg(C
′,D′), we define θ ∧ θ′ to be
the composite of (strict) right A-module maps
T (C ∧ C ′) ⋄
A
F
∼= //
θ∧θ′
&&NN
NN
NN
NN
NN
NN
NN
NN
NN
NN
NN
NN
NN
NN
NN
NN
NN
NN
NN
NN
NN
NN
NN
N
(
T (C)⊗ T (C ′)
)
⋄
A
F
1⋄
A
∆F
//
(
T (C)⊗ T (C ′)
)
⋄
A
(F ⊗ F)
ι
(
T (C) ⋄
A
F
)
⊗
(
T (C ′) ⋄
A
F
)
θ⊗θ′

T (D)⊗ T (D′)
∼=

T (D ∧D′)
where ι is induced by the intertwining map (0.2.1). It is straightforward to show
that ∧ endows (A, ψF )-Coalg with the structure of a monoidal category.
1. The general homotopy orbit model
Let Y be a topological space endowed with a left action of the circle S1. The
homotopy orbit space of Y , denoted YhS1 , is then ES
1 ×
S1
Y , where ES1 is a con-
tractible, free S1-space.
In this section we explain how to construct a model for the cohomology algebra
of YhS1 by twisting together H
∗(BS1) and CU∗Y . We begin by developing a frame-
work in which to calculate the cohomology algebra of the quotient space of a general
group action, using the operadic tools recalled in section 0.2. We then construct
a particularly nice family of primitive elements in CU∗S
1, which we proceed to
apply to building a highly structured resolution of CU∗ES
1. Using that resolution,
we then define the desired model for YhS1 within the framework developed at the
beginning of the section.
1.1 Homology of quotient spaces of group actions.
Let G be a connected topological group, and let E be a right G-space. We apply the
operadic machinery recalled in section 0.2 to the definition of a very special type
of resolution of CU∗E. We begin by defining appropriate compatibility between
DCSH structure and multiplicative structure.
Definition. Suppose thatH andK are chain Hopf algebras. A chain map θ : H //K
is a multiplicative DCSH map if there is a map of right A-modules
θ̂ : T (H) ⋄
A
F // T (K)
such that θ̂(1)(x ⊗ z0) = θ(x) for all x ∈ H and such that
T (H ∧H) ⋄
A
F
T (µH )⋄
A
1
//
θ̂∧θ̂

T (H) ⋄
A
F
θ̂

T (K ∧K)
T (µK) // T (K)
A CUBICAL APPROACH TO HOMOTOPY ORBITS OF CIRCLE ACTIONS 9
commutes, where µH and µK are the multiplication maps of H and K, which are
maps of coalgebras.
A multiplicative DCSH map is necessarily a chain algebra map, as can be seen
by looking at the diagram above in level 1.
Definition. Let θ : H //K be a multiplicative DCSH map. Let M and N be a
right H-module coalgebra and a right K-module coalgebra, respectively, where ρM
and ρN are the module structure maps. A chain map ϕ : M //N is a DCSH
module map with respect to θ if there is a map of right A-modules
ϕ̂ : T (M) ⋄
A
F // T (N)
such that ϕ̂(1)(y ⊗ z0) = ϕ(y) for all y ∈M and such that
T (M ⊗H) ⋄
A
F
T (ρM )⋄
A
1
//
ϕ̂∧θ̂

T (M) ⋄
A
F
ϕ̂

T (N ⊗K)
T (ρN ) // T (N)
commutes. If M is a semifree extension of H (cf., section 0.1) and ϕ is a quasi-
isomorphism, then ϕ is a DCSH H-resolution of N .
Examining the diagram above on level 1, we see that ϕρM = ρN (ϕ⊗ θ).
The definition of DCSH module maps of left module coalgebras can be deduced
easily from the definition above.
Let H be a chain Hopf algebra. Suppose that M and M ′ are right and left
H-module coalgebras, with structure maps ρM and λM ′ , respectively. Consider the
following pushout of chain complexes.
M ⊗H ⊗M ′
1⊗λM′ //
ρM⊗1

M ⊗M ′
ρ¯

M ⊗M ′
λ¯ // M ⊗
H
M ′
Since ρM ⊗1 and 1⊗λM ′ are both maps of coalgebras, M ⊗
H
M ′ admits a coalgebra
structure such that the quotient map
π = λ¯ = ρ¯ :M ⊗M ′ −→M ⊗
H
M ′
is a coalgebra map.
Theorem 1.1.1. Let θ : H //K be a multiplicative DCSH map. Let M and M ′
be right and left H-module coalgebras, and let N and N ′ be right and left K-module
coalgebras. Let ϕ :M //N and ϕ′ : M ′ //N ′ be DCSH module maps with
respect to θ. Then the induced chain map
ϕ⊗
θ
ϕ′ : M ⊗
H
M ′ // N ⊗
K
N ′
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is a DCSH map. Furthermore, if in addition M ′ and N ′ are right L-comodule
coalgebras, where L is a chain Hopf algebra, and ϕ′ is a DCSH module map with
respect to IdL, then ϕ⊗
θ
ϕ′ is a DCSH module map with respect to IdL as well.
Proof. Colimits in MΣ are calculated level-wise. Since T (A ∧ B) is naturally iso-
morphic to T (A)⊗ T (B), it is easy to see that the diagrams
T (M ⊗H ⊗M ′)
T (1⊗λM′ ) //
T (ρM⊗1)

T (M ⊗M ′)
T (π)

T (M ⊗M ′)
T (π) // T (M ⊗
H
M ′)
and
T (N ⊗K ⊗N ′)
T (1⊗λN′ ) //
T (ρN⊗1)

T (N ⊗N ′)
T (π)

T (N ⊗N ′)
T (π) // T (N ⊗
K
N ′)
are pushouts in the category of right A-modules,ModA. On the other hand, since
the composition monoidal structure onModA is right closed, the endofunctor −⋄
A
F
is a left adjoint and therefore preserves pushouts.
Consider the following diagram.
T (M ⊗H ⊗M ′) ⋄
A
F
T (ρM⊗1)⋄
A
1

ϕ̂∧θ̂∧ϕ̂′ ))SS
SSS
SSS
SSS
SSS
T (1⊗λM′ )⋄
A
1
// T (M ⊗M ′) ⋄
A
F
T (π)⋄
A
1

ϕ̂∧ϕ̂′ ''PP
PP
PP
PP
PP
PP
T (N ⊗K ⊗N ′)
T (ρN⊗1)

T (1⊗λN′ ) // T (N ⊗N ′)
T (π)

T (M ⊗M ′) ⋄
A
F
ϕ̂∧ϕ̂′
((RR
RR
RR
RR
RR
RR
RR
R
T (π)⋄
A
1
// T (M ⊗
H
M ′) ⋄
A
F
T (N ⊗N ′)
T (π) // T (N ⊗
K
N ′)
The front and back sides are pushouts, and the left side and the top both commute
since ϕ and ϕ′ are DCSH module maps. Therefore, there exists a map of left
A-modules
ϕ̂ ∧
θ̂
ϕ̂′ : T (M ⊗
H
M ′) ⋄
A
F // T (N ⊗
K
N ′)
that makes the whole cube commute. Restricting to level 1, we verify easily that
ϕ̂ ∧
θ̂
ϕ̂′(1)(x⊗
H
x′ ⊗ z0) = ϕ̂(x)⊗
K
ϕ̂′(x′)
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as desired.
From the diagram above, it is easy to see that if ϕ′ is a DCSH module map with
respect to IdL, then ϕ ∧
θ
ϕ′ is as well. 
Let G be a connected topological group, let E be the total space of a principal
G-bundle, where G acts on E on the right, and let Y be a left G-space. Let
r : E ×G −→ E and l : G× Y −→ Y be the actions. Let p : E × Y −→ E ×
G
Y denote
the quotient map.
Recall that for any pair of spaces X and W , the Eilenberg-Zilber (or shuﬄe)
equivalence EZ : CU∗X ⊗ CU∗W //CU∗(X ×W ) is a coalgebra map. Conse-
quently, the induced maps
CU∗E ⊗ CU∗G
EZ
≃
//
ρ
55CU∗(E ×G)
CU∗r // CU∗X
and
CU∗G⊗ CU∗Y
EZ
≃
//
λ
55CU∗(G× Y )
CU∗l // CU∗Y
are coalgebra maps as well. In the following pushout of chain complexes, therefore,
CU∗E ⊗ CU∗G⊗ CU∗Y
1⊗λ //
ρ⊗1

CU∗E ⊗ CU∗Y
π

CU∗E ⊗ CU∗Y
π // CU∗E ⊗
CU∗G
CU∗Y,
CU∗E ⊗
CU∗G
CU∗Y admits a coalgebra structure such that the quotient map π is
a coalgebra map. Furthermore, the chain map CU∗E ⊗
CU∗G
CU∗Y −→ CU∗(E ×
G
Y )
induced by the composite
(1.1.1) CU∗E ⊗ CU∗Y
EZ // CU∗(E × Y )
CU∗p // CU∗(E ×
G
Y )
is actually a coalgebra map.
We now use the results above on DCSH resolutions to prove a more highly
structured version of Moore’s classic theorem [Mo].
Theorem 1.1.2. Let θ : H //CU∗G be a multiplicative DCSH quasi-isomorphism.
Let ϕ : M //CU∗E be a DCSH H-resolution of CU∗E. Then there is a DCSH
quasi-isomorphism
M ⊗ CU∗X
≃
−→ CU∗(E ×
G
X).
In particular,
H∗
(
(M ⊗
H
CU∗X)
♯
)
∼= H∗(E ×
G
X)
as graded algebras.
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Proof. Recall that Moore proved in [Mo] that given any CU∗G-semifree resolution
of CU∗E,
ψ : N
≃
−→ CU∗E
the composite
N ⊗
CU∗G
CU∗X
ψ⊗Id
−−−→ CU∗E ⊗
CU∗G
CU∗X −→ CU∗(E ×
G
X)
is a quasi-isomorphism.
Observe now that according to Theorem 1.1.1, the induced map
ϕ ∧
θ
IdCU∗G :M ⊗
H
CU∗G −→ CU∗E ⊗
CU∗G
CU∗G ∼= CU∗E
is a DCSH module map with respect to IdCU∗G.
For any chain algebra A, let BA⊗˜A denote the acyclic bar construction on A,
which is an A-semifree resolution of the base ring R. Consider the composite
M
ϕ
−→
≃
CU∗E
incl.
−−→
≃
CU∗E ⊗ BH⊗˜H.
Since it is a quasi-isomorphism of H-semifree modules, this composite induces a
quasi-isomorphism
α : M ⊗
H
CU∗G
≃
−→ (CU∗E ⊗BH⊗˜H)⊗
H
CU∗G,
by Proposition 2.3(i) in [FHT]. On the other hand, since CU∗E ⊗ BH⊗˜H and
CU∗E ⊗ BCU∗G⊗˜CU∗G are both semifree, over H and CU∗G respectively, and θ
is a quasi-isomorphism of chain algebras, Proposition 2.4 in [FHT] implies that the
quasi-isomorphism
1⊗ Bθ ⊗ θ : CU∗E ⊗ BH⊗˜H
≃
−→ CU∗E ⊗ BCU∗G⊗˜CU∗G
induces a quasi-isomorphism
β : (CU∗E ⊗ BH⊗˜H)⊗
H
CU∗G
≃
−→ (CU∗E ⊗ BCU∗G⊗˜CU∗G) ⊗
CU∗G
CU∗G.
Let
π : CU∗E ⊗ BCU∗G⊗˜CU∗G
≃
−→ CU∗E
denote the obvious projection.
It is obvious that ϕ∧
θ
IdCU∗G = πβα and is therefore a quasi-isomorphism. Thus
ϕ ∧
θ
IdCU∗G : M ⊗
H
CU∗G −→ CU∗E is a DCSH CU∗G-resolution of CU∗E.
Consider next the composite
M ⊗
H
CU∗X
∼= // (M ⊗
H
CU∗G) ⊗
CU∗G
CU∗X
(ϕ∧
θ
IdCU∗G) ∧
IdCU∗G
IdCU∗X

CU∗E ⊗
CU∗G
CU∗X

CU∗(E ×
G
X),
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where the first map is an isomorphism of coalgebras and the last map is the strict
coalgebra map (1.1.1). According to Theorem 1.1.1, the first vertical map is a
DCSH map and its dual therefore induces an morphism of algebras in cohomology.
Finally, by Moore’s theorem, the composite of the two vertical maps is a quasi-
isomorphism, so we can conclude. 
1.2 A special family of primitives.
In this section, as first step towards defining a DCSH resolution of CU∗ES
1, we
identify an important family of primitive elements in CU∗S
1. We begin by defining
a suspension-type degree +1 operation on CU∗S
1.
Definition. If T : In //S1 is an n-cube, let σ(T ) be the (n + 1)-cube defined
by
σ(T )(t0, ..., tn) :=
(
T (t1, ..., tn)
)t0
,
where we are considering S1 as the unit circle in the complex plane, i.e.,
S1 = {eiθ | 0 ≤ θ ≤ 2π}.
Remark. It is clear that σ(T ) is degenerate if T is degenerate. The operation σ can
therefore be extended linearly to all of CU∗S
1.
As the next lemma states, σ is a contracting homotopy in degrees greater than
one and is a (Id, 0)-coderivation.
Lemma 1.2.1. Let T ∈ CU∗S
1.
(1) If degT ≥ 2, then dσ(T ) = T − σ(dT ) where d is the usual differential on
CU∗S
1.
(2) ∆(σ(T )) = σ(Ti) ⊗ T
i, where ∆ is the usual reduced coproduct on CU∗S
1
and ∆(T ) = Ti ⊗ T
i (using the Einstein summation convention).
Simple calculations, applying the definitions of the cubical differential and the
cubical coproduct, as given for example in [Mas] and [A], suffice to prove this lemma.
We now apply the σ operation to the recursive construction of an important
family of elements in CU∗S
1.
Definition. Let T0 : I //S1 be the 1-cube defined by T0(t) = ei2πt. Given
Tk ∈ CU2k+1S
1 for all k < n, let Tn be the (2n + 1)-cubical chain defined by
Tn := σ
( n∑
i=1
Ti−1 · Tn−i
)
∈ CU2n+1S
1.
Let T := {Tn | n ≥ 0}.
Examples. It is easy to see that
T1(t0, t1, t2) = e
i2πt0(t1+t2)
and that T2 = U + V where
U(t0, ..., t4) = e
i2πt0(t1+(t2+t3)t4) and V (t0, ..., t4) = e
i2πt0(t1(t2+t3)+t4).
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Proposition 1.2.2. The family T satisfies the following properties.
(1) dT0 = 0 and 0 6= [T0] in H1S
1.
(2) dTn =
∑n
i=1 Ti−1Tn−i for all n > 0.
(3) Every Tn is primitive in CU∗S
1.
Proof. Points (1) and (2) are easy consequences of Lemma 1.2.1. It is well known
that T0 represents the unique nonzero homology generator of H∗S
1.
An easy inductive argument applying Lemma 1.2.1(2) proves point (3), since if
Tk is primitive for all k < n, then the sum
∑n
i=1 Ti−1 · Tn−i is also primitive, as it
is symmetric and all factors are of odd degree. 
Let T denote the subalgebra of CU∗S
1 generated by the family T. Since all the
Tn’s are primitive, T is a sub Hopf algebra of CU∗S
1. Proposition 1.2.2(1) and (2)
imply that T is closed under the differential.
It is very helpful to recognize T as the image of a certain homomorphism, as we
next make explicit. Let Γ denote the divided powers algebra functor. If w is in
even degree, then
Γw =
⊕
k≥0
Z · w(k),
where degw(k) = k · |w|, w(0) = 1, w(1) = w and w(k)w(l) =
(
k+l
k
)
w(k + l).
Furthermore, Γw is in fact a Hopf algebra, where the coproduct is specified by
∆(w) = w⊗ 1+1⊗w. Recall that the integral homology H∗BS
1 of the classifying
space of the circle is isomorphic to Γv, where v is of degree 2.
Define a linear map ζ : s−1H∗BS
1 −→ CU∗S1 by ζ(s−1v(k)) = Tk−1. A simple
calculation, based on Proposition 1.2.2 (1) and (2), shows that ζ extends to a
quasi-isomorphism of chain Hopf algebras
ζ̂ : ΩH∗BS
1 ≃−→ CU∗S
1,
where ΩH∗BS
1 is primitively generated. It is clear that T = Im ζ̂, so that, in
particular, the inclusion
T →֒ CU∗S
1
is a quasi-isomorphism.
1.3 A DCSH module resolution of CU∗ES
1.
Using the family T, we now construct a DCSH resolution of CU∗ES
1 as a ΩH∗BS
1-
module.
Let H∗BS
1⊗tΩ ΩH∗BS
1 denote the acyclic cobar construction on H∗BS
1 (cf.,
section 0.1). Explicitly, H∗BS
1 ⊗tΩ ΩH∗BS
1 = (Γv ⊗ Ts−1Γ+v,DΩ), where
DΩ(v(n)⊗ w) = v(n)⊗ dΩw −
n∑
i=0
v(i)⊗ s−1v(n − i) · w
for all n and for all w ∈ Ts−1Γ+v. It is easy to see that the usual tensor coproduct
on Γv ⊗ Ts−1Γ+v commutes with the differential, i.e., H∗BS
1 ⊗tΩ ΩH∗BS
1 is a
chain coalgebra, with untwisted coproduct.
Let j : S1 //ES1 denote the inclusion of S1 as the base of the construction
of ES1, which is an S1-equivariant map. The composite
CU∗j ◦ ζ̂ : ΩH∗BS
1 // CU∗ES1
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is map of ΩH∗BS
1-module coalgebras. Consider the following commutative dia-
gram of right ΩH∗BS
1-module coalgebras.
ΩH∗BS
1
ι

CU∗j◦ζ̂ // CU∗ES1
≃

H∗BS
1 ⊗tΩ ΩH∗BS
1 ≃ // Z
Since the inclusion ι is a coalgebra map, and therefore a DCSH map, and the
composite CU∗j ◦ ζ̂ is a ΩH∗BS
1-module coalgebra map, and therefore a DCSH
module map, Theorem 0.2.1 implies that they can be realized as morphisms of right
A-modules, as noted below.
T
(
ΩH∗BS
1
)
⋄
A
F
T (ι)⋄
A
1

j // T
(
CU∗ES
1
)
T
(
H∗BS
1 ⊗tΩ ΩH∗BS
1
)
⋄
A
F
Since CU∗ES
1 is acyclic, H∗BS
1⊗tΩ ΩH∗BS
1 is semifree, the underlying algebra
of ΩH∗BS
1 is free and F is a semifree A-bimodule, we can inductively construct
an extension k of j so that
T
(
ΩH∗BS
1
)
⋄
A
F
T (ι)⋄
A
1

j // T
(
CU∗ES
1
)
T
(
H∗BS
1 ⊗tΩ ΩH∗BS
1
)
⋄
A
F
k
55kkkkkkkkkkkkkkk
commutes. Furthermore, k is necessarily a quasi-isomorphism, since both CU∗ES
1
and H∗BS
1 ⊗tΩ ΩH∗BS
1 are acyclic. In other words, restricting to level 1, we
obtain a DCSH ΩH∗BS
1-resolution of CU∗ES
1:
(1.3.1) H∗BS
1 ⊗tΩ ΩH∗BS
1 ≃−→ CU∗ES
1.
1.4 Modeling S1-homotopy orbits.
Applying Theorem 1.1.2 to the DCSH resolution (1.3.1), we obtain a chain coalgebra
model for S1-homotopy orbits.
Theorem 1.4.1. Let Y be any (left) S1-space. Then there is a DCSH quasi-
isomorphism
(H∗BS
1 ⊗tΩ ΩH∗BS
1) ⊗
ΩH∗ BS1
CU∗Y
≃
−→ CU∗YhS1 .
In particular,
H∗
((
(H∗BS
1 ⊗tΩ ΩH∗BS
1) ⊗
ΩH∗ BS1
CU∗Y
)♯) ∼= H∗(YhS1)
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as graded algebras.
A careful examination of (H∗BS
1⊗tΩ ΩH∗BS
1) ⊗
ΩH∗ BS1
CU∗Y is certainly war-
ranted. Let g : S1 × Y //Y be the action map. Let κ denote the composite
CU∗S
1 ⊗ CU∗Y
EZ
≃
//
κ
55CU∗(S
1 × Y )
CU∗g // CU∗Y .
Recall that H∗BS
1 = Γv, where v is of degree two. Define an extension (Γv ⊗
CU∗Y,D) of Γv by
D(v(n)⊗ U) := v(n)⊗ dU +
n−1∑
k=1
v(n− k − 1)⊗ κ(Tk ⊗ U).
By Proposition 1.2.2(2), D2 = 0. Observe that (Γv⊗CU∗Y,D) is naturally a chain
coalgebra that is a cofree left Γv-comodule, since κ is a coalgebra map and each Tk
is primitive.
It is easy to show that the following two maps are chain coalgebra isomorphisms,
one inverse to the other.
(H∗BS
1 ⊗tΩ ΩH∗BS
1) ⊗
ΩH∗ BS1
CU∗Y // (Γv ⊗ CU∗Y,D)
v(n)⊗ w ⊗ U  // v(n)⊗ κ
(
ζ̂(w)⊗ U
)
(Γv ⊗ CU∗Y,D) // (H∗BS
1 ⊗tΩ ΩH∗BS
1) ⊗
ΩH∗ BS1
CU∗Y
v(n)⊗ U  // v(n)⊗ 1⊗ U
Composing the second isomorphism with the DCSH quasi-isomorphism of Theorem
1.4.1, we obtain a DCSH quasi-isomorphism
(1.4.1) (Γv ⊗CU∗Y,D) // CU∗YhS1
that fits into the following commutative diagram.
CU∗Y
=

incl. // (Γv ⊗ CU∗Y,D)
≃

proj. // (Γv, 0)
≃

CU∗Y // CU∗YhS1 // CU∗BS1
In this article we are interested in cohomology calculations and so must dualize
this model. Let (Λυ ⊗ CU∗Y,D♯) denote the R-dual of (Γv ⊗ CU∗X,D). In par-
ticular υ(v) = 1. Since it is the dual of a cofree comodule, (Λυ ⊗ CU∗X,D♯) is a
free, right Λυ-module. The dual of (1.4.1)
(1.4.2) CU∗(YhS1) // (Λυ ⊗ CU∗Y,D♯)
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is a quasi-isomorphism inducing an algebra map in cohomology, which fits into a
commutative diagram
(1.4.3) (Λυ, 0)
incl. // (Λυ ⊗ CU∗Y,D♯)
proj. // CU∗Y
CU∗BS1
=
OO
// CU∗YhS1
≃
OO
// CU∗Y
≃
OO
This is the cubical S1-homotopy orbit model, which we denote HOS∗(Y ).
A simple dualization calculation enables us to describe D♯ completely. For each
n ≥ 0, define ωn : CU
∗Y //CU∗−(2n+1)Y to be the R-dual of κ(Tn ⊗−).
Lemma 1.4.2. If f ∈ CUmY , then
D♯(υn ⊗ f) = υn ⊗ d♯f +
⌈m−12 ⌉∑
k=0
υn+k+1 ⊗ ωk(f)
where d♯ denotes the differential of CU∗Y .
As a consequence of this description of D♯, we obtain the following useful prop-
erties of the operators ωk.
Corollary 1.4.3. The operators ωn satisfy the following properties.
(1) For all n ≥ 1, [d♯, ωn] = −
∑n−1
k=0 ωk ◦ ωn−k−1, while d
♯ω0 = −ω0d
♯.
(2) Each ωn is a derivation, i.e., ωn(f · g) = ωn(f) · g + (−1)
ff · ωn(g).
Proof. The proof of (1) proceeds by expansion of the equation 0 = (D♯)2(1 ⊗ f).
To prove (2), expand the equation
D♯(1⊗ f · g) = D♯(1⊗ f) · (1⊗ g) + (−1)f (1⊗ f) ·D♯(1⊗ g).
The differential D♯ is a derivation, since it is the dual of the differential of a chain
coalgebra. 
Remark. This corollary implies that ω0 induces a derivation of degree −1
̟ : H∗ Y // H∗−1 Y
such that ̟2 = 0. Let C2 denote the topological “little squares” operad, the homol-
ogy of which is equivalent to the Gerstenhaber operad G governing Gerstenhaber
algebras. It is well known that C2(2) is homotopy equivalent to S
1, so that the
generator of H1 S
1 corresponds to the Gerstenhaber bracket operation [K]. The
derivation ̟ must therefore be closely related to the Gerstenhaber bracket, since a
representative of the generator of H1 S
1 gives rise to it. It is in fact the ∆-operation
of the Batalin-Vilkovisky structure on H∗X [G].
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2. S1-homotopy orbits of the free loop space
In section 1 we constructed a cochain algebra model HOS∗(Y ) for homotopy
orbits on an S1-space Y , by twisting together H∗BS1 and CU∗Y . The model we
obtained is quite large, however, since the cubical cochains on Y are not even of
finite type, if Y is not a finite or discrete space. In this section we show how to
reduce the model of section 1 even further when Y is a free loop space, obtaining a
model with which it is possible to make explicit calculations. To do so, we replace
the cubical cochains on Y by an equivalent and much smaller cochain complex,
derived from the free loop space model of [DH] and [H].
We begin this section by recalling the construction of [DH] and [H], which
provides us with an associative cochain algebra that is weakly equivalent to the
normalized cochains on a certain simplicial model of the free loop space. We
then explain how to relate this model to cubical cochains. Finally, we “linearize”
the free loop space model, obtaining a quasi-isomorphism of cochain complexes
Υ : fls∗(X) //CU∗(LX) . We include only those proofs that have not already
appeared in [H].
Restricting to an interesting class of spaces that includes all double suspensions,
we “twist” together fls∗(X) and H∗BS1, obtaining a cochain complex hos∗(X)
such that H∗(hos∗(X)) ∼= H∗(LXhS1) as graded Z-modules. We then show that for
any space X in the class we consider and over any field k, the free loop model map
Υ lifts to a quasi-isomorphism Υ˜ : hos∗(X) //CU∗(LXhS1).
To conclude this section we apply the hos∗(−) construction to computing the
cohomology of the S1-homotopy orbits of LSn, as an illustration of relative ease
of computation with such a small model. The Poincare´ series of this equivariant
cohomology was already known [BO].
The crucial building block in all of our constructions comes from [HPST]. In
[HPST] the authors proved that for every 1-reduced simplicial set K, there is a
natural, coassociative coproduct ψK on ΩC∗K with respect to which Szczarba’s
natural equivalence of chain algebras θK : ΩC∗K //C∗GK is a DCSH map, i.e.,
there is a morphism of chain algebras Ω2C∗K //ΩC∗GK of which s
−1θKs is
the linear piece (see section 0.2). They established moreover that ψK is identical
to the coproduct defined purely combinatorially by Baues in [B]. As a consequence,
we know that
(2.1) ImψK ⊆ Ts
−1C+K ⊗ s
−1C+K.
The R-dual of ψK , denoted ψ
♯
K , is a natural multiplication on BC
∗K, which is
the R-dual of ΩC∗K, since K is of finite type. Because of (2.1),
⊥sC+K ⊗⊥>1sC+K ⊆ ker πψ♯K ,
where π : ⊥sC+K //sC+K is the projection, i.e., the linear term of ψ♯K(w ⊗
sx1|...|sxn) is necessarily 0 for all n > 1. In particular, if ψ
♯
K is commutative, then
the linear term of ψ♯K(sy1| · · · |sym ⊗ sx1|...|sxn) is necessarily 0 if m > 1 or n > 1.
Throughout this section, we work only with 1-reduced simplicial sets K such
that ψ♯K is commutative. As follows from the chain-level Bott-Samelson theorem
in [HPS2], if the simplicial set K is such that C∗K is cocommutative, then ψ
♯
EK is
commutative, where EK denotes the simplicial suspension ofK [Ma]. In particular,
if all elements of C∗K are primitive, e.g., if CnK = 0 for all n < r and for all n ≥ 2r
for some r or if K is itself a suspension, then ψ♯EK is commutative.
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2.1 The simplicial and cubical free loop space models.
Let K be a 1-reduced simplicial set of finite type. Recall that the unit η of the
(| · |,S•)-adjunction induces an injective quasi-isomorphism of chain coalgebras
C∗ηK : C∗K
≃ // S∗|K|
that dualizes to a natural, surjective quasi-isomorphism of cochain algebras
C∗ηK : S
∗|K|
≃ // C∗K ,
where S∗ = C∗ ◦ S• and S
∗ = C∗ ◦ S•.
The canonical free loop construction on K, as defined in [H], is the twisted
cartesian product LK = GK×
τ¯
K, with structure group GK×GK, where GK×GK
acts on GK by (v,w) · u := vuw−1 and
τ¯ : K //GK ×GK : x  //(x¯, x¯) .
It is shown in the proof of Proposition 1.1.1 in [H] that there is a natural trivial cofi-
bration of simplicial sets ηˆ : LK
≃
−→ S•L|K| that fits into a commutative diagram
of morphisms of simplicial sets
LK
ηˆ ≃

q // K
η ≃

S•L|K|
e // |K|,
where q is the projection and e is the free loop fibration map.
A more general version of the theorem below is proved in [Bl], for arbitrary 1-
reduced K of finite type. Since in any case our construction of the homotopy orbit
model requires that ψ♯K be commutative, we state only the special case here.
Henceforth, we let a ⋆ b denote the product ψ♯K(a⊗ b) for all a, b ∈ BC
∗K.
Theorem 2.1.1 [DH], [H]. Let K be a 1-reduced simplicial set of finite type such
that the natural product ψ♯K on BC
∗K is commutative. There is a twisted algebra
extension
ι : ΩBC∗K // ΩBC∗K ⊙ BC∗K
and a quasi-algebra quasi-isomorphism
δ : ΩBC∗K ⊙ BC∗K
≃ // C∗(LK)
such that
ΩBC∗K
εK ≃

ι // ΩBC∗K ⊙ BC∗K
δ ≃

C∗K
C∗q // C∗LK
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commutes, where εK : ΩBC
∗K −→ C∗K denotes the counit of the cobar-bar adjunc-
tion. Moreover, the algebra extension satisfies the following conditions.
(1) The left action of ΩBC∗K is specified recursively by
(
s−1a⊗ 1
)
· (1⊗ sx1| · · · |sxn)
=s−1a⊗ sx1| · · · |sxn
−
n−1∑
j=1
[
s−1
(
a ⋆ (sx1| · · · |sxj)) · (1⊗ sxj+1| · · · |sxn)
+ (−1)(θj)(θn−θj)s−1
(
a ⋆ (sxj+1| · · · |sxn)
)
⊗ sx1| · · · |sxj
]
where θj = j +
∑
i≤j |xi|.
(2) The restriction of the differential D of the twisted extension to 1 ⊗ BC∗K
is specified recursively by
D(1⊗ sx1| · · · |sxn) =1⊗ dB(sx1| · · · |sxn)
+
n−1∑
j=1
[
(s−1(sx1| · · · |sxj)⊗ 1) · (1⊗ sxj+1| · · · |sxn)
− (−1)θj(θn−θj)s−1(sxj+1| · · · |sxn)⊗ sx1| · · · |sxj
]
with θj as above.
(3) Let a = sx1| · · · |sxm, b = sy1| · · · |syn ∈ BC
∗K. Then
(1⊗ a) · (1⊗ b) := 1⊗ a ⋆ b.
The definitions of twisted algebra extensions and of quasi-algebra maps are re-
called in section 0.1.
We now adapt the free loop model above to the case of topological spaces, in
order to facilitate construction of a model of the S1-homotopy orbits on the free
loop space. More precisely, if X has the homotopy type of |K|, we show that we
can link the model above directly to CU∗(LX).
Let X be a 1-connected space with the homotopy type of a finite-type CW-
complex, and let K be a finite-type, 1-reduced simplicial set such that |K| ≃ X.
Since the underlying graded abelian group of C∗K is free, the surjective quasi-
isomorphism of cochain algebras C∗η : S∗|K| −→ C∗K admits a cochain section
s : C∗K −→ S∗|K| inducing an isomorphism of algebras in cohomology. Having
fixed s, consider the following commutative diagram.
C∗K
C∗q

s // S∗|K|
S∗e // S∗L|K|
C∗ηˆ ≃

C∗LK
= // C∗LK
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Since C∗q is injective and C∗ηˆ is a surjective quasi-isomorphism, C∗ηˆ admits a
section sˆ such that
C∗K
s ≃

C∗q // C∗LK
sˆ ≃

S∗|K|
S∗e // S∗L|K|
commutes.
Recall now that for all spaces Y , subdivision of cubes defines a natural quasi-
isomorphism of chain coalgebras
ξ : CU∗Y
≃ // S∗Y,
which, upon dualization, gives rise to a natural quasi-isomorphism of cochain alge-
bras
ξ♯ : S∗Y
≃ // CU∗Y.
There is therefore a commuting diagram
(2.1.1) ΩBC∗K
ι //
ξ♯sεK ≃

ΩBC∗K ⊙ BC∗K
ξ♯sˆδ ≃

CU∗X
CU∗e // CU∗LX,
where the vertical arrows are quasi-algebra quasi-isomorphisms.
2.2 Linearization of the free loop model.
In this section we simplify the free loop model, making it as small as possible,
to facilitate homotopy orbit space computations in section 2.4. Recall that we are
considering only the case in which the natural product ψ♯K on BC
∗K is strictly
commutative. The construction presented here is an improved version of that in
[H].
Consider the surjection
εK ⊗ Id : ΩBC
∗K ⊗ BC∗K // C∗K ⊗ BC∗K.
Extend the differential on C∗K to a differential Dˇ on C∗K ⊗ BC∗K, which is a
free right C∗K-module, by
Dˇ(1⊗ c) := (εK ⊗ Id)D(1⊗ c),
extended as a right module derivation. Consequently, Dˇ(εK ⊗ Id) = (εK ⊗ Id)D,
which implies in turn that Dˇ2 = 0.
Let π : BC∗K //C∗K be the projection onto (desuspended) linear terms, i.e.,
π(sx1| · · · |sxn) :=
{
x1 : n = 1
0 : n > 1.
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Recall from the discussion in the introduction to section 2 that since ψ♯K is strictly
commutative,
(2.2.1) πψ♯K(sy1| · · · |sym ⊗ sx1| · · · |sxn) = 0 if m > 1 or n > 1.
Thus, from the definition of ΩBC∗K ⊙ BC∗K in Theorem 2.1.1, we obtain the
following explicit formula for Dˇ, when c = sx1| · · · |sxn.
(2.2.2)
Dˇ(1⊗ c) =1⊗ dBc
+
∑
i≤n
π
(
sx1 ⋆ · · · ⋆ sxi−1
)
⊗ sxi| · · · |sxn
+
∑
i<n
±π
(
sx1 ⋆ · · · ⋆ sxi−1 ⋆ sxn
)
⊗ sxi| · · · |sxn−1,
where the signs in the third line arise from applying the Koszul rule. Notice that it
is entirely possible that Dˇ(1⊗ c) 6= 1⊗ dBc. On the other hand, if ψ
♯
K is the shuﬄe
product, then Dˇ(1⊗ c) = 1⊗ dBc for all c ∈⊥ sC
+K.
Define now a left C∗K-action on C∗K ⊗ BC∗K by letting
(x⊗ 1) · (1⊗ c) := (εK ⊗ Id)
(
(s−1(sx)⊗ 1) · (1⊗ c)
)
for all x ∈ C∗K and c ∈ BC∗K, then extending to a morphism of free right C∗K-
modules. If
D(1⊗ c)− 1⊗ dBc =
∑
i
s−1(ai)⊗ b
i,
then
Dˇ
(
(x⊗ 1) · (1⊗ c)
)
=(εK ⊗ Id)
(
(s−1(sdx)⊗ 1) · (1⊗ c) + (−1)x(s−1(sx)⊗ 1) ·D(1⊗ c)
)
=(dx⊗ 1) · (1⊗ c)
+ (−1)x(εK ⊗ Id)
(
(s−1(sx)⊗ 1) ·
(
1⊗ dBc
+
∑
i
(−1)(ai+1)b
i
(1⊗ bi)(s−1(sai)⊗ 1)
))
=(dx⊗ 1) · (1⊗ c)
+ (−1)x
(
(x⊗ 1) ·
(
1⊗ dBc+
∑
i
(−1)(ai+1)b
i
(1⊗ bi)(ai ⊗ 1)
))
=(dx⊗ 1) · (1⊗ c) + (−1)x(x⊗ 1) · Dˇ(1⊗ c),
i.e., the left C∗K action commutes with the differential.
Using the commutativity of ψ♯K , for any y ∈ C
∗K and c = sx1| · · · |sxn ∈ BC
∗K,
we can write
(2.2.3)
(y ⊗ 1) · (1⊗ c) =y ⊗ c
−
∑
i
π
(
sy ⋆ sx1 ⋆ · · · · · · sxi−1
)
⊗ sxi| · · · |sxn
−
∑
i
±π
(
sy ⋆ sx1 ⋆ · · · · · · sxi−1 ⋆ sxn
)
⊗ sxi| · · · |sxn−1,
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where the signs in the third line arise from applying the Koszul rule. Note that the
formulas above imply that when ψ♯K is the shuﬄe product, the left action of C
∗K
is untwisted, i.e., (x⊗ 1)(1 ⊗ c) = x⊗ c.
It is easy to see that the left C∗K-action is defined precisely so that εK ⊗ Id is a
map of left ΩBC∗K-modules. Since the right actions of ΩBC∗K on ΩBC∗K⊙BC∗K
and of C∗K on C∗K ⊙ BC∗K are both free, εK ⊗ Id is a map of right ΩBC
∗k-
modules as well. Consequently, for all c, c′ ∈ BC∗K,
Dˇ(1⊗ c ⋆ c′) =(εK ⊗ Id)D(1⊗ c ⋆ c
′)
=(εK ⊗ Id)
[
D(1⊗ c) · (1 ⋆ c′) + (−1)c(1⊗ c) ·D(1 ⋆ c′)
=Dˇ(1⊗ c) · (1⊗ c′) + (−1)c(1⊗ c) · Dˇ(1⊗ c′),
i.e., we can set
(2.2.4) (1⊗ c) · (1⊗ c′) = 1⊗ c ⋆ c′,
obtaining a differential algebra structure on C∗K ⊗ BC∗K, with respect to which
εK ⊗ Id is an algebra map.
The following theorem summarizes the observations above.
Theorem 2.2.1. Let C∗K ⊙ BC∗K denote C∗K ⊗ BC∗K endowed with the dif-
ferential Dˇ of (2.2.2) and the multiplicative structure of (2.2.3) and (2.2.4). There
is a twisted algebra extension
C∗K // C∗K ⊙BC∗K // BC∗K
such that εK ⊗ Id : ΩBC
∗K ⊙BC∗K //C∗K ⊙ BC∗K is a quasi-isomorphism
of chain algebras.
For the constructions in section 2.3, we need a quasi-isomorphism
Υ : C∗K ⊙ BC∗K
≃ //CU∗LX ,
which we obtain as follows. Recall that εK has a differential, though not multi-
plicative, section
σK : C
∗K // ΩBC∗K : x
 // s−1(sx).
Consider the following commutative diagram of cochain complexes and maps.
C∗K⊙ ⊥≤2 sC+K
incl.

σK⊗Id // ΩBC∗K⊙ ⊥≤2 sC+K
incl. // ΩBC∗K ⊙ BC∗K
≃ εK⊗Id

C∗K ⊙ BC∗K
Id // C∗K⊗˜BC∗K
Since the inclusion map on the left is a free extension of cochain complexes and
εK⊗ Id is a surjective quasi-isomorphism, we can extend σK⊗ Id to a cochain map
σˆ : C∗K ⊙ BC∗K // ΩBC∗K ⊙ BC∗K
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such that (εK ⊗ Id)σˆ = Id, i.e., σˆ is a section of εK ⊗ Id. In particular, σˆ is a
quasi-isomorphism and for all x⊗ c ∈ C∗K ⊗ BC∗K
s−1(sx)⊗ c− σˆ(x⊗ c) ∈ ker εK ⊗ BC
∗K.
Furthermore, since εK ⊗ Id is a chain algebra map inducing an isomorphism in
cohomology, H∗ σˆ = H∗(εK ⊗ Id)
−1 is an isomorphism of graded algebras. In
particular, σˆ is a quasi-algebra map.
We now define Υ to be the composition below, where the map ξ♯sˆδ comes from
diagram (2.1.1).
C∗K ⊙BC∗K
σˆ //
Υ
33ΩBC
∗K ⊙ BC∗K
ξ♯sˆδ // CU∗LX
We have therefore constructed a commutative diagram
(2.2.4) C∗K
γ ≃

ι // C∗K ⊙ BC∗K
≃Υ

CU∗X
CU∗e // CU∗LX,
where γ = ξ♯sεKσK (cf., diagram (2.1.1)).
Definition. Let X be a 1-connected space with the homotopy type of a finite-
type CW-complex, and let K be a finite-type, 1-reduced simplicial set such that
|K| ≃ X. Suppose that the natural product ψ♯K on BC
∗K is commutative. The
twisted algebra extension
fls∗(X) := C∗K ⊙ BC∗K
of Theorem 2.2.1, together with the quasi-algebra quasi-isomorphism
Υ : fls∗(X)
≃ // CU∗LX
of diagram (2.2.4), is a thin free loop model for X.
Since the Hochschild homology of C∗K is isomorphic to the cohomology of
CU∗LX, as shown in [J], it is interesting to compare the Hochschild complex of
C∗K with the thin free loop model. As stated in the next proposition, the thin
free loop model and the Hochschild complex on C∗K are isomorphic, at least in
the special case where the multiplication on C∗K is trivial and ψ♯K is commutative.
This observation first arose in discussions several years ago with N. Dupont.
We have two reasons for choosing to work with the thin free loop model instead
of the Hochschild complex. First, the thin free loop model is linked via a specific
quasi-algebra quasi-isomorphism with CU∗LX. To model constructions derived
from the free loop space, such as its homotopy orbits, it is essential to have such a
direct link with the cochains on LX. Second, the cohomology of the thin free loop
model is isomorphic as a graded algebra to the cohomology of LX, whereas the
isomorphism with Hochschild homology of C∗K is only an isomorphism of graded
modules.
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Proposition 2.2.2. Let K be a 1-reduced, finite-type simplicial set such that the
multiplication on C∗K is trivial and ψ♯K is commutative. Let H(C
∗K) denote the
Hochschild complex of C∗K. Then there is an isomorphism of cochain complexes
h : C∗K ⊙ BC∗K
∼= //H(C∗K) .
Proof. Let (A, d) be a cochain algebra. Recall that the Hochschild complex on
(A, d) is
H(A, d) := (A⊗⊥sA+,DH)
where
DH(a⊗ sb1| · · · |sbn) =da⊗ sb1| · · · |sbn + (−1)
aa⊗ dB(sb1| · · · |sbn)
− ab1 ⊗ sb2| · · · |sbn − (−1)
ǫbna⊗ sb1| · · · |sbn−1,
dB is the usual bar construction differential and ǫ is the sign exponent dictated by
the Koszul rule. In particular, if the multiplication in A is trivial, then H(A, d) =
(A, d) ⊗ B(A, d).
Define an endomorphism h of the graded module C∗K ⊗⊥sC+K by
h(y ⊗ 1) = y ⊗ 1,
h(y ⊗ sx1| · · · |sxn) = y ⊗ sx1| · · · |sxn + xn ⊗ sπ(sy ⋆ sx1)| · · · |sxn−1,
for all y ∈ C+K, and
h(1⊗ sx1| · · · |sxn) =1⊗ sx1| · · · |sxn
+
∑
j>1
1⊗ sπ(sx1 ⋆ · · · ⋆ sxj)|sxj+1| · · · |sxn
−
∑
j≥1
±1⊗ sπ(sxn ⋆ sx1 ⋆ · · · ⋆ sxj)|sxj+1| · · · |sxn−1,
where the signs in the third line arise upon applying the Koszul rule. It is clear
that h is injective and therefore an isomorphism, since C∗K ⊗ ⊥sC+K is a free
graded module of finite type.
Observe that (2.2.1) implies that
π
(
sπ(sw1 ⋆ · · · ⋆ swm) ⋆ sz
)
= π(sw1 ⋆ · · · ⋆ swm ⋆ sz)
for all w1, ..., wm, z ∈ C
∗K. Straightforward calculations based on this observation,
as well as on the fact that C∗K is a trivial algebra, show that DHh = hDˇ. 
Note that the isomorphism h endows H(C∗K) with a natural multiplicative struc-
ture, under the hypotheses of the proposition above.
2.3 The homotopy orbit model for free loop spaces.
Our goal here is to combine the thin free loop space model (2.2.4) with the
general homotopy orbit space model of section 1.4, obtaining an extension (Λυ ⊗
C∗K ⊗ BC∗K, D˜) of (Λυ, 0) by fls∗(X), together with a quasi-isomorphism
Υ˜ : (Λυ ⊗ C∗K ⊗ BC∗K, D˜) // (Λυ ⊗ CU∗LX,D♯)
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such that
(2.3.1) (Λυ, 0)
incl.// (Λυ ⊗ C∗K ⊗BC∗K, D˜)
π //
Υ˜

C∗K ⊙ BC∗K
Υ

(Λυ, 0)
incl. // (Λυ ⊗ CU∗LX,D♯)
π // CU∗LX
commutes, where π denotes the obvious projections. We can construct the extension
(Λυ ⊗ C∗K ⊗ BC∗K, D˜) under the additional hypothesis that the multiplication
on C∗K is trivial. We show that the lift Υ˜ exists when K is such that ψ♯K is
commutative and the multiplication on C∗K is trivial and when the coefficient ring
R is a field.
Restriction. Henceforth, we consider only those simplicial sets K such that ψ♯K is
commutative and such that C∗K has trivial multiplication. We suspect that our
methods can be generalized to a larger class of spaces, though the formulas involved
may be too complex to allow actual calculations to be performed. Furthermore,
since the class of spaces we consider includes all simplicial suspensions K = EL
such that C∗L is cocommutative, as explained in the introduction to this section, we
can actually treat a number of interesting spaces, including all double suspensions.
We now define the desired extension
(Λυ, 0) // (Λυ ⊗ C∗K ⊗ BC∗K, D˜) // C∗K ⊙ BC∗K .
For any free graded module V , let N : ⊥V //⊥V denote the endomorphism
given by
N(v1| · · · |vn) =
∑
1≤j≤n
± vj | · · · |vn|v1| · · · |vj−1
where the sign of each summand is determined by the Koszul rule, i.e., N associates
to any word the signed sum of its cyclic permutations.
Proposition 2.3.1. Let K be a 1-reduced simplicial set of finite type such that
ψ♯K is commutative and such that C
∗K has trivial multiplication. Let S be the
endomorphism of C∗K ⊗ ⊥sC+K of degree −1 given recursively for all y ∈ C+K
and sx1| · · · |sxn ∈ ⊥sC
+K by
S(y ⊗ 1) = 1⊗ sy,
S(1⊗ sx1| · · · |sxn) = 0
and
S(y ⊗ sx1| · · · |sxn) =1⊗N(sy|sx1| · · · |sxn)
+
∑
j≥1
S
(
π(sy ⋆ sx1 ⋆ · · · ⋆ sxj)⊗ sxj+1| · · · |sxn
)
.
Then S2 = 0 and DˇS = −SDˇ. Consequently,
D˜ = 1⊗ Dˇ + υ ⊗ S
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is a differential on Λυ ⊗ C∗K ⊗ BC∗K.
Proof. An easy inductive proof establishes that S2 = 0. Straightforward calcula-
tions then show that Dˇ commutes with S. 
When K is a double suspension, it follows from the chain-level Bott-Samelson
Theorem of [HPS2] that ψ♯K is the shuﬄe product, which implies that S(y ⊗
sx1| · · · |sxn) = 1⊗N(sy|sx1| · · · |sxn).
To show that (Λυ ⊗C∗K ⊗BC∗K, D˜) has the desired cohomology, at least as a
graded module, we prove that (Λυ ⊗ C∗K ⊗ BC∗K, D˜) is isomorphic as a cochain
complex to the negative cyclic complex of the commutative algebra C∗K, looked at
as a cochain complex in positive degrees, rather than as a chain complex in negative
degrees. Jones proved in [J] that H∗(LXhS1) is isomorphic to the negative cyclic
homology of the algebra S∗X, and therefore to that of C∗K, if |K| ≃ X. Thus, as
a consequence of the next proposition, we obtain that
H∗(Λυ ⊗ C∗K ⊗BC∗K, D˜) ∼= H∗(LXhS1),
as desired.
Recall that the negative cyclic complex on a cochain algebra (A, d), seen as a
cochain complex, is
C(A) = (Λυ ⊗A⊗⊥sA+,DC).
Here, υ is, as always, of degree 2 and
DC = 1⊗DH + υ ⊗ SC,
where SC(b⊗ 1) = 1⊗ sb, SC(1⊗ sa1| · · · |san) = 0, and
SC(b⊗ sa1| · · · |san) = 1⊗N(sb|sa1| · · · |san).
Proposition 2.3.2. Let K be a 1-reduced simplicial set of finite type such that ψ♯K
is commutative and such that C∗K has trivial multiplication. Let
h : C∗K ⊙BC∗K //H(C∗K)
denote the isomorphism of Proposition 2.2.2. Let C(C∗K) denote the negative cyclic
complex on C∗K, considered as a cochain complex. Then
1⊗ h : (Λυ ⊗ C∗K ⊙ BC∗K, D˜) // C(C∗K)
is an isomorphism of cochain complexes.
Note that the two complexes are in fact equal when ψ♯K is the shuﬄe product,
e.g., when K is a double suspension.
Proof. Notice that
(1⊗ h)D˜ =(1⊗ h)(1 ⊗ Dˇ + υ ⊗ S)
=1⊗DHh+ υ ⊗ hS,
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while
DC(1⊗ h) = 1⊗DHH+ υ ⊗ SCh.
To complete the proof, we need therefore to establish that hS = SCh, which follows
from an easy argument by induction on wordlength in ⊥sC+K. 
Our principal reason to prefer (Λυ ⊗ C∗K ⊗ BC∗K, D˜) to C(C∗K) concerns its
application to further constructions. In [HR], the model (Λυ ⊗ C∗K ⊗ BC∗K, D˜)
plays an essential role in the development of a model for calculating the spectrum
homology of the topological cyclic homology of X, which requires the existence of
a cochain quasi-isomorphism into (Λυ ⊗ CU∗LX,D♯) lifting a quasi-isomorphism
into CU∗(LX). The model of the homotopy orbits used in [HR] must therefore lift
the thin free loop space model of section 2.2, which C(C∗K) does not.
Theorem 2.3.3. Let K be a 1-reduced simplicial set of finite type such that the
multiplication on C∗K is trivial and ψ♯K is commutative. If the base ring R is a field,
there is a quasi-isomorphism Υ˜ : (Λυ ⊗ C∗K ⊗ BC∗K, D˜) //(Λυ ⊗ CU∗LX,D♯)
such that
(Λυ, 0)
incl.// (Λυ ⊗ C∗K ⊗ BC∗K, D˜)
π //
Υ˜

C∗K ⊙ BC∗K
Υ

(Λυ, 0)
incl. // (Λυ ⊗ CU∗L|K|,D♯)
π // CU∗L|K|
commutes, where π denotes the obvious projection maps.
Definition. Let X be a 1-connected space with the homotopy type of a finite-
type CW-complex, and let K be a finite-type, 1-reduced simplicial set such that
|K| ≃ X. Suppose that the natural product ψ♯K on BC
∗K is commutative and that
the multiplication on C∗K is trivial. The twisted algebra extension
hos∗(X) := (Λυ ⊗ C∗K ⊗ BC∗K, D˜)
of Theorem 2.3.3, together with the quasi-algebra quasi-isomorphism
Υ˜ : (Λυ ⊗ C∗K ⊗BC∗K, D˜) //(Λυ ⊗ CU∗LX,D♯) ,
is a thin equivariant free loop model for X.
The proof of Theorem 2.3.3 is based on the following result in homological per-
turbation theory, which we prove in the appendix.
Lemma 2.3.4. Let k be any field. Let (C, d) and (C ′, d′) be filtered cochain com-
plexes of finite type over k, where the filtrations {Fn}n≥0 and {F
′
n}n≥0 are in-
creasing and bounded below. Let ϕ : (C, d) −→ (C ′, d′) be a filtration-preserving
quasi-isomorphism such that the restriction ϕn : Fn −→ F
′
n is a quasi-isomorphism
for all n. Let θ : C −→ C and θ′ : C ′ −→ C ′ be filtration-decreasing linear maps of
degree −1 such that (d+θ)2 = 0 and (d′+θ′)2 = 0, i.e., (C, d+θ) and (C ′, d′+θ′) are
cochain complexes. Then there exists a filtration-decreasing linear map ω : C −→ C ′
of degree 0 such that ϕ+ ω : (C, d + θ) −→ (C ′, d′ + θ′) is a quasi-isomorphism.
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Proof of Theorem 2.3.3. Consider the following differential filtrations, both of which
are increasing and bounded below.
Fn
(
(Λυ, 0) ⊗ (C∗K ⊙ BC∗K)
)
:= Λυ ⊗
(
(C∗K ⊗ BC∗K)≤n ⊕ (Im Dˇ)n+1
)
F˜n
(
(Λυ, 0) ⊗ CU∗LX
)
:= Λυ ⊗
(
(CU≤nLX)⊕ (Im d♯)n+1
)
The cochain map Id⊗Υ is clearly filtration-preserving with respect to these filtra-
tions, and its restriction to each Fn is indeed a quasi-isomorphism. Furthermore,
the differentials D˜ and D♯ are derived from the untwisted tensor-product differ-
entials by filtration-decreasing perturbation. Lemma 2.3.4 therefore implies that
there exists a filtration-decreasing linear map
ω : Λυ ⊗ C∗K ⊗BC∗K −→ Λυ ⊗ CU∗LX
such that
Id⊗Υ+ ω : (Λυ ⊗ C∗K ⊗ BC∗K, D˜)
≃
−→ (Λυ ⊗ CU∗LX,D♯)
is a quasi-isomorphism. We can therefore set Υ˜ = Id⊗Υ+ ω. 
Related work. Bo¨kstedt and Ottosen have recently developed an approach to Borel
cohomologly calculations for free loop spaces that is Eckmann-Hilton dual to the
approach considered here and thus complementary to our methods [BO]. They have
constructed a Bousfield-type spectral sequence that converges to the cohomology
of (LX)hS1 . While our model is easiest to deal with for spaces with few cells, the
elementary cases for their model are Eilenberg-MacLane spaces.
2.4 Examples
We conclude this article with examples illustrating the use of the models we have
built.
Example 2.4.1. Let n > 0, and let K be the simplicial model of S2n+1 with
exactly one nondegenerate simplex z of positive dimension, in dimension 2n + 1.
We then have that C∗K = Λz, with trivial differential. Furthermore, BC∗K is
isomorphic as an algebra to Γsz, for degree reasons, and
fls∗(S2n+1) = (Λz ⊗ Γsz, 0).
Thus, H∗(LS2n+1) ∼= Λz ⊗ Γsz, as has long been known.
Let sz(m) = sz| · · · |sz ∈⊥m sz. We then have
hos∗(S2n+1) = (Λυ ⊗ Λz ⊗ Γsz, D˜)
where
D˜(υk ⊗ 1⊗ sz(m)) = 0
for all k and m, while
D˜(υk ⊗ z ⊗ sz(m)) = (m+ 1)υk+1 ⊗ 1⊗ sz(m+ 1).
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The integral cohomology of the homotopy orbit space is therefore
H∗(LS2n+1
hS1
) ∼= Λυ ⊕ Γsz ⊕
⊕
k,m≥1
Z/mZ · (vk ⊗ sz(m))
as graded modules, while its mod p cohomology is of the form
H∗(LS2n+1
hS1
;Fp) ∼=Λυ ⊗ Fp ⊕ Γsz ⊗ Fp
⊕
⊕
k,m≥1
Fp · (v
k ⊗ 1⊗ sz(pm))
⊕
⊕
k,m≥1
Fp · (v
k ⊗ z ⊗ sz(pm− 1))
where a Bockstein sends the class of vk⊗z⊗sz(m) to the class of vk+1⊗1⊗sz(m+1).
Example 2.4.2. Let K be the simplicial model of S2n with exactly one nonde-
generate simplex z of positive dimension, in dimension 2n. We then have that
C∗K = Z[z]/(z2), with trivial differential. Furthermore, BC∗K is ⊥ sz, endowed
with the shuﬄe product. Consequently,
fls∗(Sn) = (Z[z]/(z2)⊗ ⊥ sz, Dˇ),
where
Dˇ(1⊗ sz(m)) =z ⊗ sz(m− 1)− (−1)m−1z ⊗ sz(m− 1)
Dˇ(z ⊗ sz(m)) =0
for all m, if n is even, whence
H∗(LS2n;F2) = F2[z]/(z
2)⊗ ⊥ sz,
another well-known result.
The differential in the homotopy orbit model satisfies
D˜(υk ⊗ 1⊗ sz(m)) =
{
0 : m odd
2 · υk ⊗ z ⊗ sz(m) : m even
and
D˜(υk ⊗ z ⊗ sz(m)) =
{
0 : m odd
υk+1 ⊗ 1⊗ sz(m+ 1) : m even.
From these formulas, it follows easily that
H∗(LS2n;F2) ∼=F2[υ]⊕ ⊥ sz
⊕
⊕
k,m≥0
F2 · (υ
k+1 ⊗ z ⊗ sz(2m+ 1))
⊕
⊕
k,m≥1
F2 · (υ
k ⊗ 1⊗ sz(2m)).
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Appendix. Proof of Lemma 2.3.4
Before beginning the proof itself, we provide a brief overview of the construction
and use of mapping cones of cochain maps, as they play a critical role in the proof.
Given a morphism of cochain complexes f : (A, d) −→ (A′, d′), its mapping cone
is the cochain complex Cf := (A
′ ⊕ sA,Df ), where Dfa
′ = d′a′ and Dfsa =
f(a)−s(da). With the obvious conventions, we can write this differential in matrix
notation as
Df =
(
d′ f
0 −sd
)
.
Note that if f is injective, then the natural surjective map
qf : Cf
≃
−→ coker f,
defined to be the quotient map on A′ and 0 on sA, is a quasi-isomorphism.
Given two cochain maps f : (A, d) −→ (A′, d′) and g : (B, d) −→ (B′d′), a cochain
map h : Cf −→ Cg can be written in matrix notation as
h =
(
h11 h12
h21 h22
)
,
where h11 : A
′ −→ B′, h12 : sA −→ B
′, h21 : A
′ −→ sB and h22 : sA −→ sB.
It is an easy exercise to prove the following lemma.
Lemma A.1. Let h : Cf −→ Cg. If h21 = 0, then h11 and s
−1h22s : A −→ A
′ are
cochain maps and
A
s−1h22s

f // A′
h11

B
g // B′
commutes up to cochain homotopy, given by h12s : A −→ B
′.
The converse is equally trivial to establish.
Lemma A.2. If
A
α

f // B
β

A′
g // B′
commutes up to cochain homotopy, given by γ : A −→ B′ of degree −1, then
h =
(
β γs−1
0 sαs−1
)
is a cochain map from Cf to Cg. Moreover, if α and β are quasi-isomorphisms, so
is h.
Proof of Lemma 2.3.4. The proof proceeds by induction on filtration degree.
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The filtration of (C, d) is denoted
0 = F0 ⊂ F1 ⊂ ... ⊂ Fn ⊂ Fn+1 ⊂ · · · ,
while the filtration of (C ′, d′) is denoted
0 = F ′0 ⊂ F
′
1 ⊂ ... ⊂ F
′
n ⊂ F
′
n+1 ⊂ · · · .
Since the perturbations θ and θ′ are filtration-lowering, the filtrations of (C, d) and
of (C ′d′) give rise to filtrations of (C, d + θ) and of (C ′, d′ + θ′), denoted by
0 = F˜0 ⊂ F˜1 ⊂ ... ⊂ F˜n ⊂ F˜n+1 ⊂ · · ·
and
0 = F˜ ′0 ⊂ F˜
′
1 ⊂ ... ⊂ F˜
′
n ⊂ F˜
′
n+1 ⊂ · · · ,
respectively.
Recall that we assume that ϕn : Fn
≃
−→ F ′n, the restriction of the quasi-isomorphism
ϕ : (C, d) −→ (C ′, d′) to Fn, is itself also a quasi-isomorphism, for all n. There is
therefore a commuting diagram of short exact sequences of cochain complexes
0 // Fn
ιn //
ϕn ≃

Fn+1
πn+1//
ϕn+1 ≃

Fn+1/Fn
φn+1

// 0
0 // F ′n
ι′n // F ′n+1
π′n+1// F ′n+1/F
′
n
// 0
and so the induced map on filtration quotients φn+1 : Fn+1/Fn −→ F
′
n+1/F
′
n is also
a quasi-isomorphism.
Observe that F˜1 = F1 and F˜
′
1 = F
′
1. Consequently, if we define ϕ˜1 : F˜1 −→ F˜
′
1 to
be ϕ1, then ϕ˜1 is a quasi-isomorphism.
Suppose that for some n ≥ 2, there is a quasi-isomorphism ϕ˜n−1 : F˜n−1 −→ F˜
′
n−1
such that ωn−1 = ϕ˜n−1−ϕn−1 ∈ F˜
′
n−2. Consider the following commuting diagram
of short exact sequences of cochain complexes.
0

// F˜n−1
ιn−1 //
ϕ˜n−1 ≃

F˜n
πn // F˜n/F˜n−1 = Fn/Fn−1
φn ≃

// 0

0 // F˜ ′n−1
ι′n−1 // F˜ ′n
π′n // F˜ ′n/F˜
′
n−1 = F
′
n/F
′
n−1
// 0
It induces a commuting diagram of long exact sequences in cohomology
... // Hk−1 Fn/Fn−1
∼=

∂k−1 // Hk F˜n−1
∼=

Hk ιn−1 // Hk F˜n
Hk πn // Hk Fn/Fn−1
∼=

∂k // Hk+1 F˜n−1
∼=

// ...
... // Hk−1 F ′n/F
′
n−1
∂′k−1 // Hk F˜ ′n−1
Hk ι′n−1 // Hk F˜ ′n
Hk π′n // Hk F ′n/F
′
n−1
∂k // Hk+1 F˜ ′n−1
// ...,
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which in turn gives rise to a commuting diagram of short exact sequences
0 // coker ∂k−1
∼=

// Hk F˜n
// ker ∂k
∼=

// 0
0 // coker ∂′k−1 // H
k F˜ ′n
// ker ∂′k // 0.
Since we are working over a field, both short exact sequences split, so there is an
isomorphism Φkn : H
k F˜n
∼=
−→ Hk F˜ ′n that fits into the commuting diagram of long
exact sequences.
Next choose any section of the surjection from the cocycles of F˜n−1 onto its
cohomology, then postcompose with the inclusion of the cocycles into F˜n−1, to
obtain a injective quasi-isomorphism
jn−1 : H
∗ F˜n−1
≃
−→ F˜n−1.
Let
j′n−1 := ϕ˜n−1jn−1(H
∗ ϕ˜n−1)
−1 : H∗ F˜ ′n−1
≃
−→ F˜ ′n−1,
so that
H∗ F˜n−1
H∗ ϕ˜n−1 ∼=

jn−1
≃
// F˜n−1
ϕ˜n−1 ≃

H∗ F˜ ′n−1
j′n−1
≃
// F˜ ′n−1
commutes. Define kn : H
∗ Fn/Fn−1
≃
−→ Fn/Fn−1 and k
′
n : H
∗ F ′n/F
′
n−1
≃
−→ F ′n/F
′
n−1
similarly, so that
H∗ Fn/Fn−1
H∗ φn ∼=

kn
≃
// Fn/Fn−1
φn ≃

H∗ F ′n/F
′
n−1
k′n
≃
// F ′n/F
′
n−1
commutes.
For each s ≥ 1, fix a basis Bs =
(
[zs1], ..., [zsms ]
)
of Hs F˜n, where [zsi] denotes
the cohomology class of a cocycle zsi ∈ F˜
s
n. Then there exists w ∈ (Fn/Fn−1)
s−1
such that
knH
s πn
(
[zsi]
)
= πn(zsi)− d¯w,
where d¯ denotes the differential on Fn/Fn−1. Since πn is surjective, there exists
v ∈ F˜ s−1n such that πn(v) = w. Thus, if we set jn
(
[zsi]
)
= zsi − (d+ θ)v, we obtain
that
πnjn
(
[zsi]
)
= knH
s πn
(
[zsi]
)
.
Proceeding in this manner, we can define a quasi-isomorphism jn : H
∗F˜n
≃
−→ F˜n
such that
H∗ F˜n
H∗πn

jn
≃
// F˜n
πn

H∗Fn/Fn−1
kn
≃
// Fn/Fn−1
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commutes. Similarly, we can construct a quasi-isomorphism j′n : H
∗F˜ ′n
≃
−→ F˜ ′n such
that
H∗ F˜ ′n
H∗π′n

j′n
≃
// F˜ ′n
π′n

H∗F ′n/F
′
n−1
k′n
≃
// F ′n/F
′
n−1
commutes.
Observe that
H∗ F˜n−1
jn−1
≃
//
H∗ιn−1

F˜n−1
ιn−1

H∗ F˜n
jn
≃
// F˜n
and
H∗ F˜ ′n−1
j′n−1
≃
//
H∗ι′n−1

F˜ ′n−1
ι′n−1

H∗ F˜ ′n
j′n
≃
// F˜ ′n
necessarily commute up to cochain homotopy.
Uniting all of these elements, we have a diagram
H∗ F˜n−1
H∗ ϕ˜n−1 ∼=

jn−1
≃
$$H
HH
HH
HH
HH
H∗ ιn−1 // H∗ F˜n
Φ ∼=

jn
≃
!!C
CC
CC
CC
C
H∗ πn // H∗ Fn/Fn−1
H∗φn ∼=

kn
≃
&&MM
MM
MM
MM
MM
M
F˜n−1
ϕ˜n−1 ≃

ιn−1 // F˜n
πn // Fn/Fn−1
φn ≃

H∗ F˜ ′n−1
j′n−1
≃
##H
HH
HH
HH
HH
H∗ ι′n−1 // H∗ F˜ ′n
j′n
≃
!!C
CC
CC
CC
C
H∗ π′n // H∗ F ′n/F
′
n−1
k′n
≃
&&MM
MM
MM
MM
MM
M
F˜ ′n−1
ι′n−1 // F˜ ′n
π′n // F ′n/F
′
n−1
in which all squares commute exactly, except for the top left and the bottom left
squares, which commute up to cochain homotopy. We must now show that the
missing arrow can be filled in, so that the two front squares thus obtained commute,
at least up to cochain homotopy.
Since the top and bottom left squares commute up to homotopy, by Lemma A.2
there are induced quasi-isomorphisms
jn : CH∗ ιn−1
≃
−→ Cιn−1 and jn : CH∗ ιn−1
≃
−→ Cιn−1 ,
which, together with the induced isomorphism
fn : CH∗ ιn−1
∼=
−→ CH∗ ι′n−1 ,
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give rise to a commutative diagram
H∗ F˜n
Φn ∼=

incl. //
jn
≃
!!D
DD
DD
DD
D
CH∗ ιn−1
fn ∼=

qH∗ ιn−1 //
jn
≃
$$I
II
II
II
II
H∗ Fn/Fn−1
H∗ φn ∼=

kn
≃
&&NN
NN
NN
NN
NN
N
F˜n
incl. // Cιn−1
qιn−1
≃
// Fn/Fn−1
φn ≃

H∗ F˜ ′n
incl. //
j′n
≃
!!C
CC
CC
CC
C
CH∗ ι′n−1
qH∗ ι′
n−1 //
j′n
≃
$$I
II
II
II
II
H∗ F ′n/F
′
n−1
k′n
≃
&&MM
MM
MM
MM
MM
M
F˜ ′n
incl. // Cι′n−1
qι′
n−1
≃
// F ′n/F
′
n−1
.
Let pn : Cιn−1 −→ sF˜n−1 and p
′
n : Cι′n−1 −→ sF˜
′
n−1 denote the projection maps.
The commutativity of the previous diagram implies that the following diagram
commutes as well.
CH∗ ιn−1
jn ≃

fn
∼=
// CH∗ ι′n−1
j′n // Cι′n−1
qι′
n−1
+p′n

Cιn−1
qιn+pn // Fn/Fn−1 ⊕ sF˜n−1
φn⊕sϕ˜n−1s
−1
// F ′n/F
′
n−1 ⊕ sF˜
′
n−1
Since jn is an injective quasi-isomorphism and qι′n−1 + p
′
n is a surjection, there is a
cochain map
gn : Cιn−1 −→ Cι′n−1
such that
CH∗ ιn−1
jn ≃

fn
∼=
// CH∗ ι′n−1
j′n
≃
// Cι′n−1
qι′
n−1
+p′n

Cιn−1
qιn−1+pn //
gn
≃
44hhhhhhhhhhhhhhhhhhhhhhhhhhhhhhhhhhhhhhhhhhhhhhh
Fn/Fn−1 ⊕ sF˜n−1
φn⊕sϕ˜n−1s
−1
// F ′n/F
′
n−1 ⊕ sF˜
′
n−1
commutes. The lift gn must be a quasi-isomorphism because the upper triangle
commutes. Writing gn in the matrix notation introduced at the beginning of this
appendix as (
g11 g12
g21 g22
)
,
we see that g22 = sϕ˜n−1s
−1, since p′ngn = sϕ˜n−1s
−1pn. Furthermore the equality
qι′n−1gn = φnqιn implies that g11 − ϕn ∈ F˜
′
n−1.
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It remains to show that g21 = 0, as Lemma A.1 then implies that g11 : F˜n −→ F˜
′
n
is a chain map such that
F˜n−1
ϕ˜n−1 ≃

ιn−1 // F˜n
g11

F˜ ′n−1
ι′n−1 // F˜ ′n
commutes up to cochain homotopy, given by g12s : F˜n−1 −→ F˜
′
n. Since ϕ˜n−1 and gn
are both quasi-isomorphisms, it follows then that g11 is also a quasi-isomorphism.
Letting ϕ˜n = g11, we complete the inductive step of the proof.
To see that g21 = 0, note that, since we are working over a field, Cιn−1 can be
split as a cochain complex into CH∗ ιn−1 ⊕W ⊕DH∗ ιn−1W . Given w = x+ sy ∈W ,
where x ∈ F˜n and y ∈ F˜n−1, observe that
(φn⊕sϕ˜n−1s
−1)(qιn−1+pn)(w) = ϕn(x)+sϕ˜n−1(y) = (qι′n−1+p
′
n)
(
ϕn(x)+sϕ˜n−1(y)
)
,
where ϕn(x) denotes the class of ϕn(x) in F
′
n/F
′
n−1. We can therefore set gn(w) =
ϕn(x) + sϕ˜n−1(y), which corresponds to g11(x) = ϕn(x), g12(sy) = 0, g21(x) = 0
and g22(sy) = (sϕ˜n−1s
−1)(sy). For gn to be a cochain map, it is now necessary and
sufficient to define gn
(
DH∗ ιn−1w
)
to be Dι′n−1gn(w) for all w ∈W . More explicitly,
gn
(
DH∗ ιn−1(x+ sy)
)
= dϕn(x) + ιn−1ϕ˜n−1(y)− s
(
dϕ˜n−1(y)
)
,
and thus g21 = 0. 
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